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                \begin{document}$$\langle \mathbb {R}, +,<,1 \rangle $$\end{document}$-definable.
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                \begin{document}$$\langle \mathbb {R}, +,< ,\mathbb {Z}\rangle $$\end{document}$ is a privileged area of application of algorithmic verification of properties of reactive and hybrid systems, where logical formalisms involving reals and arithmetic naturally appear, see e.g \[[@CR1], [@CR4], [@CR13]\]. It admits quantifier elimination and is decidable as proved independently by Miller \[[@CR16]\] and Weisfpfenning \[[@CR20]\]. The latter's proof uses reduction to the theories of $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \mathbb {R}, +,<,1 \rangle $$\end{document}$.
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                \begin{document}$$\langle \mathbb {R}, +,< ,\mathbb {Z}\rangle $$\end{document}$, which highlights its significance. One approach is through automata. Cobham considers a fixed base *r* and represents integers as finite strings of *r* digits. A subset *X* of integers is $\documentclass[12pt]{minimal}
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                \begin{document}$$r-$$\end{document}$recognizable if there exists a finite automaton accepting precisely the representations in base *r* of its elements. Cobham's theorem says that if *X* is *r*- and *s*-recognizable for two multiplicatively independent values *r* and *s* (i.e., for all $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \mathbb {N}, + \rangle $$\end{document}$ \[[@CR11], [@CR18]\]. Conversely, each Presburger-definable subset of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {N}$$\end{document}$ is *r*-recognizable for every *r*. This result was extended to integer relations of arbitrary arity by Semënov \[[@CR19]\].

Consider now recognizability of sets of reals. As early as in 1962 Büchi interprets subsets of integers as characteric functions of reals in their binary representations and shows the decidability of a structure which is essentially an extension of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {N}$$\end{document}$ the set of natural numbers \[[@CR9], Thm 4\]. Going one step further Boigelot et al. \[[@CR7]\] consider reals as infinite strings of digits and use Muller automata to speak of *r*-recognizable subsets and more generally of *r*-recognizable relations of reals. In the papers \[[@CR3], [@CR5], [@CR6]\] the equivalence was proved between (1) $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \mathbb {R}, +,< ,\mathbb {Z}\rangle $$\end{document}$-definability, (2) *r*- and *s*-recognizability where the two bases have distinct primes in their factorization \[[@CR6], Thm 5\] and (3) *r*- and *s*-weakly recognizability for two independently multiplicative bases, \[[@CR6], Thm 6\] (a relation is *r*-weakly recognizable if it is recognized by some deterministic Muller automaton in which all states in the same strongly connected component are either final or nonfinal). Consequently, as far as reals are concerned, definability in $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \mathbb {R}, +,< ,\mathbb {Z}\rangle $$\end{document}$ compared to recognizability or weak recognizability by automata on infinite strings can be seen as the analog of Presburger arithmetic for integers compared to recognizability by automata on finite strings.

A natural issue is to find effective characterizations of subclasses of $\documentclass[12pt]{minimal}
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                \begin{document}$$r-$$\end{document}$recognizable relations. In the case of relations over integers, Muchnik proved that for every base $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r \ge 2$$\end{document}$ and arity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \ge 1$$\end{document}$, it is decidable whether a *r*-recognizable relation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Now we give a short outline of our paper. Section [2](#Sec2){ref-type="sec"} gathers all the basic on the two specific structures $\documentclass[12pt]{minimal}
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                \begin{document}$$X\subseteq \mathbb {R}^{n}$$\end{document}$ has [strata]{.ul} if there exists a direction such that the intersection of all sufficiently small neighborhoods around *x* with *X* is the trace of a union of lines parallel to the given direction. This reflects the fact that the relations we work with are defined by finite unions of regions of the spaces delimited by hyperplanes of arbitrary dimension. In Sect. [5](#Sec7){ref-type="sec"} we show that when *X* is $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============

Throughout this work we assume the vector space $\documentclass[12pt]{minimal}
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                \begin{document}$$x,y \in \mathbb {R}^n$$\end{document}$ we denote by \[*x*, *y*\] (resp. (*x*, *y*)) the closed segment (resp. open segment) with extremities *x*, *y*. We use also notations such as \[*x*, *y*) or (*x*, *y*\] for half-open segments.

Let us specify our logical conventions and notations. We work within first-order predicate calculus with equality. We confuse formal symbols and their interpretations, except in Sect. [6.2](#Sec12){ref-type="sec"} where the distinction is needed. We are mainly concerned with the structures $\documentclass[12pt]{minimal}
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In particular in the unary case, the definable subsets are finite unions of intervals whose endpoints are rational numbers, which shows that $\documentclass[12pt]{minimal}
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Theorem 2 {#FPar2}
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Lemma 1 {#FPar3}
-------
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By considering the restriction of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \mathbb {R}, +,<,1 \rangle $$\end{document}$-definable relations are indistinguishable.

Lemma 2 {#FPar4}
-------
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Strata {#Sec3}
======

The aim is to decide, given $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \mathbb {R}, +,<,1 \rangle $$\end{document}$-definable. Though the relations defined in the two structures have very specific properties we define properties that make sense in a setting as general as possible. The following clearly defines an equivalence relation.

Definition 1 {#FPar5}
------------
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Example 1 {#FPar6}
---------

Consider a closed subset of the plane delimited by a square. There are 10 equivalence classes: the set of points interior to the square, the set of points interior to its complement, the four vertices and the four open edges.

Definition 2 {#FPar7}
------------

Given a non-zero vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v \in \mathbb {R}^n$$\end{document}$ and a point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\in \mathbb {R}^n$$\end{document}$ we denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} B(x, r) \cap X = B(x, r) \cap L_{v}(X) \end{aligned}$$\end{document}$$ This can be seen as saying that inside the ball *B*(*x*, *r*), the relation *X* is a union of lines parallel to *v*.The set of *X*-strata at *x* is denoted by $\documentclass[12pt]{minimal}
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Proposition 1 {#FPar8}
-------------
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Definition 3 {#FPar9}
------------

The [dimension]{.ul}   dim(*x*) of a point $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {Str}{(}x)$$\end{document}$ is nonempty or 0 otherwise.

Definition 4 {#FPar10}
------------
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                \begin{document}$$\frac{1}{n}$$\end{document}$ for all positive integers *n*. In this case any vertical vector is a stratum.

Now it can be shown that all strata at *x* can be defined by a common value *r* in expression ([2](#Equ2){ref-type=""}).

Proposition 2 {#FPar11}
-------------
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                \begin{document}$$ B(x, r) \cap X = B(x, r) \cap L_{v}(X). $$\end{document}$$

Definition 5 {#FPar12}
------------

A [safe radius]{.ul} (for *x*) is a real $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {Str}{(}x)=\emptyset $$\end{document}$.

Example 2 {#FPar13}
---------

(Example [1](#FPar6){ref-type="sec"} continued). For an element *x* of the interior of the square or the interior of its complement, let *r* be the (minimal) distance from *x* to the edges of the square. Then *r* is safe for *x*. If *x* is a vertex then $\documentclass[12pt]{minimal}
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                \begin{document}$$r>0$$\end{document}$ is safe for *x*. In all other cases *r* is the minimal distance of *x* to a vertex.

Lemma 3 {#FPar14}
-------
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                \begin{document}$$x\sim y$$\end{document}$ then [Str]{.ul}(x) = [Str]{.ul}(y).

The converse of Lemma [3](#FPar14){ref-type="sec"} is false in general. Indeed consider e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^{2}$$\end{document}$. The points (0, 0) and (0, 1) have the same subspace of strata, namely that generated by (1, 0), but $\documentclass[12pt]{minimal}
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Now we combine the notions of strata and of safe radius.

Lemma 4 {#FPar15}
-------
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                \begin{document}$$\underline{Str}(x) \subseteq \underline{Str}(y)$$\end{document}$.

Example 3 {#FPar16}
---------

(Example [1](#FPar6){ref-type="sec"} continued). Consider a point *x* on an (open) edge of the square and a safe radius *r*. For every point *y* in *B*(*x*, *r*) which is not on the edge we have $\documentclass[12pt]{minimal}
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We relativize the notion of singularity and strata to an affine subspace $\documentclass[12pt]{minimal}
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Definition 6 {#FPar17}
------------
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Singularity and nonsingularity do not go through restriction to affine subpaces.

Example 4 {#FPar18}
---------
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Local Properties {#Sec4}
================

Local Neighborhoods {#Sec5}
-------------------

In this section we recall that if $\documentclass[12pt]{minimal}
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We modify the usual notion of cones so that it suits better our purposes.

### Definition 7 {#FPar19}

A  [cone]{.ul} is an intersection of finitely many halfspaces defined by a condition of the form $\documentclass[12pt]{minimal}
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In particular a point, the empty set and the whole space are specific cones in our sense (on the real line they can be described respectively by $\documentclass[12pt]{minimal}
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By paraphrasing \[[@CR2], Thm 1\] where "face" means "$\documentclass[12pt]{minimal}
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### Proposition 3 {#FPar20}
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### Corollary 1 {#FPar21}
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                \begin{document}$$(x+t \in X) \wedge |t|<r \ \leftrightarrow \ \big (t \in \bigcup _{C \in \mathcal{C'}} C \big ) \wedge |t|<r$$\end{document}$$

Because of Lemma [2](#FPar4){ref-type="sec"} we have

### Corollary 2 {#FPar22}

The statements of Corollary [1](#FPar21){ref-type="sec"} extend to the case where *X* is $\documentclass[12pt]{minimal}
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Combining Corollaries [1](#FPar21){ref-type="sec"} and [2](#FPar22){ref-type="sec"} allows us to specify properties of singular points for $\documentclass[12pt]{minimal}
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### Proposition 4 {#FPar23}
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Application: Expressing the Singularity of a Point in a $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \mathbb {R}, +,< ,\mathbb {Z}\rangle $$\end{document}$-Definable Relation {#Sec6}
-------------------------------------------------------------------------------------------------------------------

The singularity of a point *x* is defined as the property that no intersection of *X* with a ball centered at *x* is a union of lines parallel with a given direction. This property is not directly expressible within $\documentclass[12pt]{minimal}
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### Lemma 5 {#FPar24}
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Relations Between Neighborhoods {#Sec7}
===============================

We illustrate the purpose of this section with a very simple example. We start with a cube sitting in the horizontal plane with only one face visible. The rules of the game is that we are given a finite collection of vectors such that for all 6 faces and all 12 edges it is possible to choose vectors that generate the vectorial subspace of the smallest affine subspace in which they live. Let the point at the center of the upper face move towards the observer (assuming that this direction belongs to the initial collection). It will eventually hit the upper edge of the visible face. Now let the point move to the left along the edge (this direction necessarily exists because of the assumption on the collection). The point will hit the upper left vertex. Consequently, in the trajectory the point visits three different $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim $$\end{document}$-classes: that of the points on the open upper face, that of the points on the open edge and that of the upper left vertex. Here we investigate the adjacency of such equivalence classes having decreasing dimensions. Observe that another finite collection of vectors may have moved the point from the center of the upper face directly to the upper left vertex.
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Compatibility {#Sec8}
-------------

The above explanation should help the reader understand the following definition by considering the backwards trajectory: the point passes from an $\documentclass[12pt]{minimal}
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Let *E* be a nonsingular $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sim $$\end{document}$-class and let *v* be one of its strata. Given a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sim $$\end{document}$-class *F*, a point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\in F$$\end{document}$ is  [compatible with]{.ul} *E* if there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon >0$$\end{document}$ such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0< \alpha \le \epsilon $$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y+\alpha v\in E$$\end{document}$.

A $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sim $$\end{document}$-class *F* is *v*-[compatible with]{.ul} *E* if there exists a point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\in F$$\end{document}$ which is *v*-compatible with *E*.

### Lemma 6 {#FPar26}
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### Example 5 {#FPar27}
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Intersection of a Line and Equivalence Classes {#Sec9}
----------------------------------------------
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### Lemma 7 {#FPar28}
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### Lemma 8 {#FPar29}
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Consequently, via Lemmas [7](#FPar28){ref-type="sec"} and [8](#FPar29){ref-type="sec"} we get the following.

### Corollary 3 {#FPar30}
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### Corollary 4 {#FPar31}
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Characterization and Effectivity {#Sec10}
================================
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In this section we give the characterization of $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar32}
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Observe that both conditions (1) and (2) are needed. Indeed, the relation $\documentclass[12pt]{minimal}
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Decidability {#Sec12}
------------

So far we did not distinguish between formal symbols and their interpretations but here we must do it if we want to avoid any confusion. Let $\documentclass[12pt]{minimal}
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### Proposition 5 {#FPar33}
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Sketch. The formula is of the form$$\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar34}
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### Proof {#FPar35}
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Conclusion {#Sec13}
==========

We discuss some extensions and open problems. Is it possible to remove our assumption that *X* is $\documentclass[12pt]{minimal}
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Another question is the following. In Presburger arithmetic it is decidable whether or not a formula is equivalent to a formula in the structure without \<, cf. \[[@CR10]\]. What about the case where the structure is $\documentclass[12pt]{minimal}
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